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1 Introduction 



The discovery in the early days of string theory that string amplitudes in low energy 
regimes maybe reproduced by Yang-Milles field theory for open strings and gravi- 
tational field theory for closed strings, was the beginning of a long, fruitful study 
into the relation of string theory and field theory in general and in low energy in 
particular [1, 2]. 

The lowest order in momentum expansion of the low energy string theory con- 
firmed the interpretation of the massless string modes as the gauge bosons and 
gravitons of the respective theories, and the next order was a prediction for the 
corrections to the gauge theory and to the gravity [3, 4]. 

The realization of the significance of D-branes in string theory, correspondingly 
led to the study of the low energy effective dynamics of these objects in addition 
to the bulk dynamics [5, 6, 7, 8, 9, 10, 14]. The lowest order in the momentum 
expansion turned out to be the DBI action with higher order corrections involving 
nontrivial terms, both in the bosonic string and the superstring theory. 

Discovery of noncommutativity in string theory in the presence of a nontrivial 
background [11] resulted in the dramatic resurgence of noncommutative gauge the- 
ories with their highly nontrivial novel properties emerging as deformation of the 
low energy action of open strings in the presence of a background. Higher order 
corrections to the noncommutative gauge theory have also been derived. 

It is then natural to ask what kind of deformation the low energy effective action 
of closed strings suffers in the presence of constant back ground antisymmetric field. 
Noncommutative deformations of gravity have been proposed and studied recently 
[12]. However they have not been derived from string theory and are ad hoc in 
this sense. One of the motivations of the present study is to throw light on these 
deformations. 

In this work we begin to address this problem by looking at the low energy 
amplitude of two closed strings with a D-brane in the presence of a constant back- 
ground B field. We find that as expected the bulk action is not modified, however, 
the effective action describing the dynamics of the D-brane is modified due to the 
presence of the constant B field on the D-brane. However the effective action is not 
obtainable, as a naive T-duality might indicate, from the action of vanishing B, by 
replacing the metric g by g + B. 

This might be understood on the basis of the fact that T-duality, at this order, 
mixes graviton scattering with antisymmetric field scattering and is highly nontriv- 
ial. 

In section two we write down the amplitude of scattering of two gravitons with 
a D-brane in the presence of a B field and find its low energy behaviour. In section 
three we find the low energy effective action describing those amplitude to order a'. 
Section four is devoted to discussion, in particular on the issue of covariance of the 
effective action. 
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2 String scattering from D-branes 

In this section we compute the tree level bosonic string scattering amplitude of two 
massless closed string off a noncommutative D-brane. We take D-brane as a disk 
and conformaly mapped on the upper half plane, with mixed boundary conditions 
and use the following notation for indices, on and off the D-brane 

fi,u = 0, ..,25 , a,b = 0,..,p , i, j = p + 1, .., 25. (1) 

For a D-brane localized at x p+1 , ...,x 25 , the boundary conditions are 

Vab (d - d)X a + B ab (d + d)X a \ z= - z = 0. (2) 

The two points correlator of string coordinates X^(z, z) on the D-brane is 

-a 



where 



rTlog^Zi - Zj ){ Zi - Zj)) + D^log( Zi - zj) + D^log( Zi - Zj ) 



(3) 



D ba = 2(—^—^) ab - rj ab , D ij = -5 ij , D* a D va = rf\ (4) 

with g the flat metric. Using these correlators we can compute the scattering am- 
plitude of two closed strings off a D-brane, 

A = g 2 c e- x J d 2 z 1 d 2 z 2 (V(z 1 ,z 1 )V(z 2 ,z 2 )), (5) 

with g c the closed string coupling constant and A the Euler number of the world 
sheet. The appropriate vertex operators for the closed strings are, 

V(z h Zi ) = e M „ : dX^Zi) exp(ik i .X(z i )) :: dX\ Zl ) exp(ihX \ Zi )) :, (6) 

which the momenta hi and polarizations e^ u of the massless closed strings satisfying 

e^fc" = e^fc" = , k 2 = 0. (7) 

To go further we use the change of variable as follow, 

= D^X^), (8) 

so that the closed string vertices change to 

V{zi, Zi ) = e^D\ : dX"( Zi ) exp(ifc i .X(z i )) :: dX\ Zi ) exp(ih.D.X( Zl )) : . (9) 

Now inserting these vertices into (5) and going through the calculation of the cor- 
relation functions we find 

A = g 2 c e- x e lflX D\e 2ap D% j d 2 Zl d 2 z 2 A^, (10) 



where 

A ^ a p = iC^{2^)P+ 1 8 p+1 {k 1 + h.D + k 2 + k 2 .D) exp |y h.D.hlogiz! - z x ) 
+ k 2 .D.k 2 log(z 2 - z 2 ) + k 1 .k 2 log(z 1 - z 2 ) + k\.k 2 log{z\ - z 2 ) 
+ k 2 .D.kilog(z 1 - z 2 ) + k\.D .k 2 log{z\ - z 2 ) 

+ ?i2 a /r/l + y? + <$ kk + /r/f / 2 a /f}, (n) 

in which C^ 2 is the functional determinant for the string fields and the delta function 
ensures conservation of momentum parallel to the D-brane. Here /'s are terms that 
come from correlation function between derivative and exponential terms while the 
g's are between the derivative terms, and are 



ni' n^ u n' k^ 

tf = -T(^ ■ * = ^7§W' <12) 

with the indices as 

i,j = 1,1,2,2 , 2- = ^! , ^2 = 2 2 . (13) 

It is straight forward to see that the amplitude is SL(2,R) invariant. To fix this 
invariance we let z\ = iy and z 2 = i 

d 2 Zl d 2 z 2 -> 2(1 - y 2 )dy. (14) 

The / and g terms then become 

1/1 2^y-l 2 y + 1 J 71 2^ + 1 2 y-1 J 

i? = ^(^*f + ^.^) , /f = ^(^? + ^,^) 
2i y — 1 -y+1 2^-y+l y — 1 



uu 



2iy-l L y+1 1 2i y y + l y 

7 ua 7 up _ 7 



911 4 y 2 ' Ql2 (y-lf ' ?12 (y + 1) 2 

_ i/a _ a/3 

*a _ 7 v§ _ '/ a§ _ 'I (, r\ 

912 - (y+1)2 , ?12 " (y _ l)2 ' 9 22 - 4 • U*>J 

We have dropped terms which will be canceled when inserted in (10) using the 
physical conditions for closed strings. Inserting (15) into (11) we get 



A = 2iC2^- DsM+k2 - DsM) f 1 dy(l - y 2 )y% kl - DsM (y - l) a ' klM (y + 1) 



a'k\.Ds-k2 



3 



1 2 ; 



Oi 



+ 



«2 



+ 



«3 



a 6 



IQy 2 (2/-I) 4 (2/ + I) 4 
a 7 (y + l) 2 a 8 (j/ 



.a . 



04 



+ 



a 5 



+ 



16y 2 42/(2/ + I) 2 
a 9 (y-l) 2 aio(y+l) 21 



.a' 



16^(2/ -l) 2 162/ 2 (2/ + 1) 2 42/(2/+ I) 4 ^y{y ~ I) 4 

2 | ai 3 (?/-l) 2 | ai 4 (y+l) 4 | a 15 (2/-l) 4 



an ai 2 (2/ + l 



162/2 162/2(2/ -l) 2 162/2(2/ + 1)2 162/ 2 (2/ - l) 4 162/ 2 (2/ + 1)' 



(16) 



where 

C = C^ 2 g 2 c e~ x (2nY +1 5 p+1 (k 1 + k x .D + k 2 + k 2 .D). (17) 

Da and D5 are the antisymmetric and symmetric parts of D matrix. Notice that 
because of momentum conservation parallel to the D-brane we have ki.DA-k 2 = 0. 
The constants a n 's depend on momentum and polarization of external states and 
are given in the appendix A. We choose the Mandelstam variables, 



s = -(1(t/ + D).ki) 2 = —h-DsM = ~k2.D3.k2, 



t = -(h + k 2 ) 2 = -2h.k 2 . 



(18) 



Finally making the change of variable y 



we find 



A = 2icA 2 \ ai B(-^ + 1, -a's - 1) + a 2 B{-^- - 1, -a's + 1) 



+ a 3 B(-^ + l,-a's + l)-(^) 



a4-B( — — + 1, — c/s — 1) 



- a 5 i?( — — + 1, -a s) + a 6 ij( — — , -a s) + a 7 B( — — , -a s - 1) 

a't a't 
+ a 8 B(- — + 2, -a's - 1) - a 9 B(-— + 2, -as) 



a't 

+ a w B( — — - 1, -a's) 



+ 



,a 



a't 

a n B( — — + I, -a's - 1) 



a't a't 
+ a l2 B{ — — , -a's - 1) + a 13 B( — — + 2, -a's - 1) 

a't a't 
+ a u B( — — - 1, -a's - 1) + a 15 B( — — + 3, -a's - 1) 



(19) 



where -B's are beta functions. Note that as a test of our calculations replacing every 
polarization of closed strings by momentum — > k fJi k u gives zero value for the 
amplitude. We recover the results of scattering amplitude for commutative D-branes 
found in [14] by turning the B field off (see Appendix B). As we will be interested 
in the low energy effective theory of the string, we must analyze the pole structure 
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of the amplitude (19). There are two types of singularities in this amplitude that 
come from the Beta functions. In fact the amplitude (19) is singular at 

-^t-l = -n , -a's-l = -n , n, n' = 0, 1, . . . (20) 
which in terms of t and s of (18) are 

4 

* = m dosed = ~—,(~ n + l ^ 



1 



s = m 



2 

open n 



= --(-n'+l), (21) 



exhibiting the mass spectrum of the intermediate closed string propagators in the 
t-channel and the mass spectrum of the open strings in the s-channel. Note that 
not all the Beta functions in (19) have pole for n — 0, 1, 2, 3 and n' — 0, 1. Now we 
may study the low energy limit of the amplitude i.e. s , t — > 0. There are then three 
types of terms to consider 
t — channel : 

iCa' 2 f 1 1 

A t = | -2a 2 s + a 6 + a 7 + a w - a'(-a 10 s + -a 12 + a M ) + 0(a' 2 ) j , (22) 



s — channel : 

iCa' 2 f 1 a' 
A s = 'ZZ^'\2 ait + a 5 - a 6 - a 7 + a 8 + a 9 - a w - (— ) 



(a 4 + a 7 + a$)t 



- 2a 12 + 2a i3 - 4ai 4 + 4a i5 
contact — terms : 



+ 0{a' 2 ) , (23) 



iCa' 2 f , , ,a'. 



- (ai + a 2 - a 3 ) + v ;) 



a 4 + a 7 + a s — a g + a 10 



- (-2s - 7^)(ai + a 2 + a 3 ) 



+ 0(a' 2 )}. (24) 



3 Low energy effective action 

In this section we will derive the low energy action for the above amplitude to the 
first two leading orders of a'. For scattering of two gravitons we use the physical 
condition for them as, 

tjiv = tufi ; ^ u = 0. (25) 

In the t-channel we have two gravitons which interact in the bulk space and 
produce another graviton or dilaton field which in turn is absorbed by the D-brane. 
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It is easily seen that the massless antisymmetric field does not contribute to the am- 
plitude. The t-channel amplitude to be reproduced by inserting for the coefficients 
cij of appendix A, 

iCa' 2 r 

A t = — |(fc 1 .D s .A; 1 )rr(e 1 .e 2 ) +Tr(e 1 .D s )(k 1 .e 2 .k 1 ) + Tr(e 2 .D s )(k 2 .e 1 .k 2 ) 
- 2k2.e1.D3.e2-h - 2k1.e2-et.k2 - 2ki.Ds.ei.62-h - 2k2.D s .e 2 .ei.k 2 

(h.e2.e 1 .k 2 )(h.D s .h) + (h.e 2 .k 1 )(k 2 .e 1 .k 2 ) + (h.e2.k 1 )(k 2 .e 1 .D s .k2) 



a' 



+ {k 2 .e 1 .k2){h.e 2 .D s .h) 



}=A° t +Al, (26) 



where A^(A\) contains terms in the curly bracket which are zeroth (first) order at 
a'. It is not difficult to see that the action which describes this amplitude to order 
of a' is nothing but the DBI and Einstein-Hilbert action. The DBI action in the 
Einstein frame is , 5 

S° D - brane = ~T P J <P +l xe-*^-det(e-^g + B + f) ab , (27) 

where g is the induced metric on the D-brane and B ab = B ab — 2nb ab is the pull back 
of the antisymmetric field along the D-brane with B constant and f ab is the gauge 
field strength on the D-brane and 7 = — Expanding g ab around the Minkowski 
metric, g ab = r\ ab + 2nh ab we get for the action to the first order of h, 6 



S 





D— b rane 



-kT p c J d p+1 xh ab V ab , (28) 



where 



V ab = ±(r } + D) ba , c = y/-det(r, + B) ab . (29) 
Equation (28) exhibits a source term for gravity on the D-brane, 

(S h y b = ~T p Kc( V ab + Di). (30) 
The Einstein-Hilbert action in the bulk is 



0(0) 

^bulk 



^ [ d 26 xV^GR. (31) 
Ik 2 J 



Using 26-dimensional propagator (G hh )^ u \ p and the three point interaction vertex 
(T4 eie2 ) Ap for gravitons coming from this action [6], and the above source term, we 
find 

^{S h ^{G h h ) ^luXp {V hele2 )^ = A° t + C t °, (32) 

5 For simplicity in writing we have dropped the coefficient of / i.e. 2ira' f — ► /. 
6 Note that we have expanded the action (27) around the background r\ ah + B ab using 
y/det(M + M) = Vrf^Mo(l + \Tr{M^M) + ...). 
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where is exactly the zeroth order term of the amplitude (26), and C t ° is a contact 
term with no poles, 

C° = -icT p k 2 (Tr(ei.e 2 ) + rr(ei.D s .e 2 )) . (33) 

Here the tension of the D-branes, T p from (27) is written in terms of the coefficients 
of (26) i.e. 

Ca' 2 

T P = (34) 

CK 2 

We note that to this order of a' the above results are exactly the same as in the 
superstring theory [6]. To get the next order terms in the string amplitude (26), we 
include the next order of a' gravitational action in the bulk, [3, 4] 

S&k = ^2 j d 26 xe^V^G(R^ KX R, UKX - ARTR^ + R 2 ). (35) 

There is a new three point interaction for gravitons V^ eie2 in this Lagrangian. In 
addition it contains the interaction between one dilaton and two gravitons V$ ei£2 . 
So there are two source terms, gravitational source Sh and dilatonic source 5$ and 
we find 

iS h G hh Vi ie2 + iS„G^V^ ie2 = A] + Cl (36) 
where A\ is the first order term of the amplitude (26) and 

%cT /■£ * (y! ( 

C\ = ^ 1 - k l .D s .k l Tr(e l .e 2 ) + k l .k 2 Tr(e l .D s .e 2 ) - fa.ez.e^Ds.kh 

+ k 2 .D s .e 2 .e x .k 2 - fa. e2.Ds.e1.fc2) | , (37) 

is a contact term. This calculation exhibits similar gravitational source term as in 
the order of a' . 

Next we consider the s-channel amplitude up to the first two powers of a'. We 
may write this amplitude, (23), as 



-icK 2 T p 



^Tr(e 1 .Ds){k 1 .62.Ds.k 2 - fa.D s .e 2 .D s .k 2 - fa.D A .e 2 .D A .k 2 ) 



4s 

+ k 2 .D A .e 2 .D s .e x .D A .fa + k 2 .D s .e 2 .D s .e 1 .D s .k l + 2k 2 .D A .e 2 .D A .e 1 .D s .k 1 

- fc2-D5.e2.e1.JJ5.fc1 + k 2 .D A .e 2 .ei.D A .k 1 - ^k 1 .k 2 Tr(e 1 .D s )Tr{e 2 .D s ) 

a' r 

+ (-)\k 1 .k 2 Tr(e 1 .D s )(k 2 .D.e 2 .D.k 2 ) + (fc 2 .ei.D 5 .fc 1 )(fc 1 .e2.D 5 .fc 2 ) 

- (k 1 .D s .e 1 .D s .k 2 ){k 2 .D s .€ 2 .D s .k 1 ) + 2(k 1 .D A .e 2 .D A .k 1 )(k 1 .D s .e 1 .D s .k 2 ) 
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(k 1 .D A .e 2 .D A .k 1 )(k 2 .D A .ei.D A .k 2 ) 



} + (l»2) = A° + Al (38) 



In this channel we expect the two gravitons scatter from the D-brane and exchange a 
gauge or scalar field which propagates on the D-brane. These propagating fields are 
in fact the low energy limits of the massless open strings on the D-brane, scalars {X 1 ) 
and gauge bosons (a a ). We would like to write down a Lagrangian for these fields 
on the D-brane which produces the vertices for interactions between gravitons and 
these fields and finally gives the scattering amplitude of the string theory. For zeroth 
order of a' we again take the DBI action on D-brane (27) with gauge field strength 
defined as f ab = d a a b — d b a a then expand the induced metric g ab = d a X^d b X v g^ on 
the D-brane around the flat space and choose the static gauge (X a = x a ) to get 

9ab = Vab + 2Kh ab + 2K(h m d b X l + h^X') + daX'd^ + IkK^ a X l d h X 3 . (39) 

Redefining the gauge and scalar fields by A a = 2na' ' ^T v a a and X 1 = \jT v X' L and 
expanding DBI action around the background field rj a b + B ab , for the zeroth order 
of a' we find the following vertices, 

(V €lA ) a = ^TpKciTrieMh-Vl ~ 2k 1 .V s .e 1 .V^ - 2k 1 .V A .e 1 .V s a ) , 

(V eiX )i = ^KciTr^.Vs)^ - 2h.Vs.eu) , (40) 
and propagators, 

{G xx f = -^ , {G AA ) ab = -(Y s 1 ) ab , (41) 
cs cs 

where V A and Vs are the antisymmetric and symmetric parts of the matrix V. Note 
that in deriving the above vertices we have used the fact that the closed string 
fields in the DBI action appear as functionals of the transverse scalar fields X 1 
which should be Taylor expanded. Knowing these vertices and propagators we can 
compute the amplitude from the effective field theory on D-brane and show that to 
order of a' , 

V eiX G xx V Xe2 + V eiA G AA V Ae2 = A° S + C° s , (42) 
where A® is the zeroth order term in (38) and C° is a contact term, 

C« = ^^Tr(e 1 .D s )Tr(e 2 .D s ). (43) 

We have used the following useful relations in the derivation 

(V A V s - 1 V A ) ab = -±( V - D s ) ab , T7« = ifa -£>*)«. (44) 

It turns out that in order to describe the amplitude to the first order in a' we need 
to add new terms to the DBI action as follow 
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s 1 = 



-Oi'Tr, 



d p+^ x ) J det ( v + B + f)R abcd ( 



1 



^ad^ 



1 



yf-det(g + B + f)(W 

ac^ibd ^ ad^ibcli. 



V + B + f J y g + B + f 
1 1 > 



\bc 



be 



g + B + f J y g + B + f< 



(45) 



where R a bcd = g ae R e bcd and R e bc d is Riemann tensor constructed out of induced 
metric on the D-brane and Q's are second fundamental forms, 



r>a _ -pa -pa . -pe -pa -pe -pa 

-r£ feed — J- &a\c — J- f>c,d + J- bd-L ce — 1 fec-L de , 

9,\ b = K(-d l h ab + d a h\ + d b h\) + 9 a 9 X J , 



(46) 



which a, 6, c, d, e = 0, . . . , p and i, j = p+ 1, . . . d. The T's are the Christoffel symbols 
constructed out of the induced metric g. This action contains every vertex that we 
need for producing the next order of a' in (38), in addition to certain contact terms 
which we will describe later. To reproduce the s-channel amplitude of string theory 
from such an action we need to find the graviton-scalar and graviton-gauge field 
vertices. We find the first one from the second fundamental form linear in terms 
of X and h, 7 and the second one from the expansion the above Lagrangian linear 
in terms of / and h. By summing these vertices corresponding to the above action 
with the previous terms which we found from DBI action to zeroth order of a', we 
find that 



(V €lA ) a = —^{2Tr(e 1 .D s )k 1 .V2-4k 1 .D s .e 1 .VZ + 4k 1 .D A .e 1 .V§ 



— a 



(h.Ds.eLDs.h + h.D A .e x .D A .h)hy a A ~ h.D s .hTr{e l .D s )h.VX 



(V eiX )i = —^{2Tr{e 1 .Ds)h i -Ah.D s . 



en 



— a 



(h.Ds.ex.Dg.h + h.DA.ex.DA.k^ku - h-Ds.hTr^.Ds)^ 



}■ (47) 



To check that these vertices are in fact correct we have calculated one closed and 
one open string scattering from D-brane and we have found similar vertices (see 
Appendix C). Now using these vertices we can find the first order of a' terms in 
s-channel from string theory. We have used the previous propagators for gauge and 
scalar fields, as (45) does not introduce any corrections to the propagators. We then 
find 

V eiX G xx V Xe2 + V eiA G AA V Ae2 = A° S + C° s + A] + Cl (48) 

7 We must Taylor expand the linear terms in h of the above action, but because of momentum 
conservation relation these terms do not contribute to the vertex. 
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in which A° s (Al) is exactly the zeroth (first) order of a' terms of (38), C Q S is the 
zeroth order term in (43) and C] is the first order in a' terms with no poles and can 
be written as 



C] = ^^/lTr(ei.£>5)Tr(c 2 .i?5)(fci.I>5.fe-fci.fc2)+ 



+ Tr{e x .D s ) 



2k2.Ds.e2M + -k 2 .D.e 2 .D.k 2 



+ (l<->2). 



(49) 



It remains to verify that all the above contact terms (33), (43) and contact terms 
from (27) at a' and (37) , (49) and contact terms from (45) at a' add up to the 
contact terms of the string amplitude (24). We can write (24) as 

A c = - Tr{e x .D)Tr{e 2 .D) - Tr( ei .e 2 ) + Tr(D .e ± .D .e 2 ) 



+ a' 



Tr(ei. J D)(A; 2 . J D.e 2 .D.A; 2 ) - k x .D .e 2 .D .e x .D >.k 2 + h.^.eiM 



+ -(k 1 .D.k 2 )(Tr(e 1 .D)Tr(e 2 .D)+Tr(e 1 .e2)+Tr(D.e 1 .D.e 2 ) 
+ (1< — >2). 



(50) 



If we expand DBI action (27), we find graviton-graviton contact terms from this 
expansion, 

A° hh = -^ 2 cT p |irr( ei .\/)rr( e2 .\/) - Tr^V^-V)}. (51) 
We can show that by adding (33) and (43) to the above equation 

A° hh + C? + C° s = =??^k{Tr(e 1 .D)Tr(e 2 .D) + Tr( ei .e 2 ) - Tr^.D^.D)}, (52) 

we find exactly the a' term in (50). Again as before if we expand Lagrangian in 
(45), we find for graviton-graviton contact terms, 



A\ h = -2ia'K 2 cT p ^ - h.V^.e^V.fa - k x y.e 2 V.e x .k 2 - h^.V^.V. 



k 2 



+ k x Y.e 2 y.e x V.k 2 - \k x .k 2 Tr{t x y)Tr{t 2 y) + h 1 .V.k 2 Tr(e 1 .V.e 2 ) 

+ -k^Triy.e^y^) + h.y.hTriv^.v^) 

+ (fcx.V.ei.fca + ^fci.V.ei.V.fci) Tr(e 2 .V)} + (1 <-> 2), 
we can show that by adding (37) and (49) to above equation, 



(53) 
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A\ h + C\ + C\ = -^\Tr{e 1 .D)k 2 .D.e 2 .D.k 2 - h.D .e 2 .D .e x .D .k 2 + k x .e 2 .e x .k 2 

Tr{e x .D)Tr{e 2 .D) +Tr(e 1 .e 2 ) +Tr(D.e 1 .D.e 2 ) 
+ (1 — 2), (54) 



+ ^(h.D.k 2 ) 



we recover exactly the a' term in (50). It is noticeable that in evaluating the t- 
channel poles in field theory we use the linear coupling of graviton to the D-brane 
using the DBI action (27) which is of zero order of a' whereas linear coupling of 
graviton to D-brane coming from action (45) is of first order of a' however using 
conservation of momentum this coupling has no effect in the t-channel. 

It should be noted that when we turn off the B field on the D-brane we find the 
Einstein-Hilbert action as we expected [14]. To see this, note that as we turn off the 
B field on the D-brane we see, V ab = rf h where upon (45) changes up to some total 
derivatives to 

^D-brane = / ^ -det 9ab (R + - W M*) , 

R = R ahcd g ac g bd , (55) 

which a, b, c, d — 0, . . . ,p and i, j = p + 1, . . . d. Where we have ignored gauge fields 
because they do not have any contraction with gravitons because of the antisym- 
metry of fab- In deriving the above equation we have used the following relation at 

sf^]R ahcd rf d g hc = ^-detgR abcd g ac g bd + (T.D), (56) 

which by momentum conservation relation, total derivative terms have no effect in 
scattering amplitude. 



4 Discussion 

In this work we have found the corrections to the DBI action to order of a', (45), for 
the description of the graviton- graviton-D-brane scattering in bosonic string theory 
in the presence of a constant B field. 

We have also calculated the corrections to the DBI action for dilaton and anti- 
symmetric field scattering with a D-brane. The results are not qualitatively different 
and will be reported separately. 

It is known that D-branes in the presence of background B field become noncom- 
mutative and the DBI action can be written in terms of commutative gauge fields 
or in terms of the noncommutative open string fields involve the * product and a 
Wilson line operator. We write the action (45) in terms of commutative fields. 

One may write the result in eq(45) in the following form, 
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x {^Rabcd — ^ac^ibd + ^ ad^ibc\ ! (57) 

which is reminiscent of the corresponding result for the case B = 0, eq (55). This 
action as well as the action in (45) are not in covariant form. One may try to write 
it in a covariant form; 

sL - =£k / r»*y/=toG + b + /) (_L_)- ( _1_ 7 )- 

x | -Rated — ^ l ac^i6(i + ^ad^ibejj (58) 

but, this will give rise to new contact terms which are not present in the string 
theory amplitude, eq. (50). However, on general grounds one expects a covariant 
form for the action. It is conceivable that addition of terms involving covariant 
derivatives of the gauge field f contracted with the metric g or g+B may conspire to 
cancel these unwanted terms and reproduce the string amplitude. 

In view of the large variety of such possible terms and the complication of these 
calculations, we have not been able to find a simple covariant variation of the action 
(57). The same difficulties arise for application of T duality on the action which 
would be a check of our result. 
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Appendix A 

Coefficients for Noncommutative D-brane 

Here we presented the coefficient for scattering of two closed string from D-brane 
in the presence of B field. 

ai = Tr(e 1 .D)Tr(e 2 .D) 

a 2 = Tr(ef .e 2 ) 

a 3 = Tr{D.e x .D.e 2 ) 

a 4 = Tr(ei.D)(ifci.e2.D.*;i + fci.£>.e 2 .fci) + (1 < — ► 2) 

a 5 = ki.€ 2 .D.€iD.k 2 + k 2 .e 1 .D.e 2 .D.k 1 + k\.D .e 2 .D .e\.k 2 + k 2 .D.€i.D.e 2 .k 1 

- k 2 .D T .el .e 2 .D.h - k 2 .D.t x .e T 2 .D T .k x 
a 6 = k 2 .D T .eJ .e 2 .fci + k 2 .^.e 2 .D.k x - k 1 .e 2 .D.e 1 .k 2 - k 2 .t x .D .e 2 .k x 

+ k 2 . ei .el .D T .h + fo.D.ei.ea -fci 

a 7 = Tr(ei.£>)(fci.e 2 .fci) + (1 < ► 2) 

a 8 = Tr(e 1 .D)(k 1 .D.e 2 .D.k 1 ) + (1 < ► 2) 

a 9 = k 1 .D.e 2 .D.ei.D.k 2 + (1 < — ► 2) 
a 10 = fc2.ef.e2.fc1 + fc2-e1.e3.fc1 

an = (ki.e 2 .D.k 1 + ki.D.e 2 .ki)(k 2 .€i.D.k 2 + k 2 .D.ei.k 2 ) 
+ (fc 1 .e 2 .fc 1 )(fc 2 . J D.e 1 . J D.fc 2 ) + (fci.D.e 2 .D.fc 1 )(fc 2 .e 1 .fc 2 ) 
a i2 = (k 1 .e 2 .k 1 )(k 2 .e 1 .D.k 2 + k 2 .D.e x .k 2 ) + (1 < — > 2) 
ai 3 = (fci. J D.e 2 . J D.fci)(fc 2 .ei. J D.fc 2 + k 2 .D.e x .k 2 ) + (1 < — ► 2) 
a i4 = (fci.e 2 .fci)(fc 2 .ei.fc 2 ) 

ai 5 = {k x .D.E 2 .D.k x ){k 2 .D.e x .D.k 2 ). (59) 
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Appendix B 

Coefficients for commutative D-brane 

When we turn the B field off we must only change = Dq 6 = rf h and Dg = 
Dq = and Da = again we find the same amplitude as (19) by including these 
changes and replacing a n coefficients with b n , where 

h = Tr(e 1 . J Do)Tr(e 2 . J D ) 

b 2 = Tr(e\.e 2 ) 

b 3 = TriD0.eLD0.e2) 

64 = Trie 1 .D )(k 1 .€ 2 .D .k 1 + h.Do^.h) + (1 < > 2) 

b 5 = kx.e2-D0.t1.D0.k2 + k2-ex.D0-e2.D0M + kx.D0-e2-D0.ex.k2 + k2.D0-ex-D0-e2.kx 

- k2-D0-eJ.e2.D0.kx - k 2 .Do.ex.el .D .kx 

b 6 = k 2 .D .eJ .e 2 .kx + k 2 .e\ .e 2 .D .kx - kx-e2-D0.ex.k2 - fc 2 -ei- A)-e2-fci 

+ k 2 .ex.e\.Do-kx + fc 2 . Aj-ei-e^.fci 

b 7 = Tr{ex.Do){kx.e 2 .kx) + (1 <— > 2) 

b s = Tr(e 1 .D )(k 1 .Do.€ 2 .D .k 1 ) + (1 <— > 2) 

69 = kx.D0.e2.D0.ex.D0.k2 + (1 < — > 2) 

bio = k2.ej.e2.kx + fc2.e1.e3.fc1 

611 = (ki.e 2 .D .ki + kx.Do.e 2 .ki)(k 2 .ex.D .k 2 + k 2 .D .ex.k 2 ) 

+ (fci.e 2 .fci)(fc 2 . J Do.ei. J Do-fc2) + (fci-A)-^- A)-fci)(fc2-ei-fc2) 

bi2 = (fci.e 2 .fci)(fc2.ei.-Do-fc2 + k2.D0.ex.k2) + (1 < — ► 2) 

613 = (k 1 .D .e 2 .Do.k 1 )(k 2 .ex.D .k2 + k 2 .Do.ex.k 2 ) + (1 < — ► 2) 

614 = (fci.e 2 .fci)(fc 2 .ei.fc 2 ) 

615 = (kx.Do.e2.Do.kx)(k2.Do.ex.Do.k 2 ). (60) 
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Appendix C 

One open and one closed bosonic string scattering 

In this appendix we want to calculate scattering of one massless open string with 
one massless closed graviton string. In the bosonic case vertices for open and closed 
string are 

V c = e^ x D\ : dX^{ Zl )e ikl - x ^ :: dX v (z 1 )e ikl - D - x ^ :, 

V = UV T T P : dX»(y)e 2ik *- vT - x M : , (61) 

where again we have used doubling trick for writing them. For momentum conser- 
vation relation we have 

k? + k 1 .D» + 2k 2 .V T >* = 0, (62) 
and physical conditions for momentum and polarizations are 

fci.e" = , k\ = , e% = 

k 2 .V T 4 = , m 2 open = -{2k 2 .V T ) 2 = 0. (63) 

By using these two last equations and V T V — \(r) + D s ) we find 

h.Ds.h = -\m\ )en = 0. (64) 

By fixing SL(2,R) invariant we find for amplitude of open-closed scattering from 
D-brane 

Aocd = g c g e~ x J d 2 [, zidy(V c V )\ z=i ,y = o 

d 2 z x dy -> (z 1 -y)(z 1 -y)(z 1 -z 1 ), (65) 

with (D.V) ab = {V T ) ab and (D.V) ij = -r] ij after a little computation we find 
graviton-gauge field and graviton-scalar scattering. From this amplitude we read 
vertices as 

no* It, 



(V eiA ) a ~ —^{2Tr(e 1 .D s )k 1 .VZ-4k 1 .Ds.e 1 .V2 + te 1 .D A .ei.V$ 
- a' (h.Ds.e^Ds.h + ^Da^-DaM) h.V^} 



KcJT p r 

{V eiX )i ~ —i—{2Tr(e 1 .D s )k li -4k 1 .D s .e li 



- a' {h.Ds.e^Ds.h + k\.D a-£\-D A-k\) (66) 
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which are exactly the same as (47) if one uses the on shell condition for the states in 
(47). The last terms in the vertices in (47) vanish upon using the massless condition 
for open strings, i.e., (64). 

Note that the open string vertex operator in our calculation corresponds to 
noncommutative fields whereas we write the effective action in terms of commutative 
fields. The difference between them is the Siberg-Witten map. However for the linear 
open string field there is no difference between commutative and noncommutative 
fields. 
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